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ABSTRACT 
The air - bubble plume induced by the steady release of air into 
water has been analyzed with an integral technique based on the equations 
for conservation of mass, momentum and buoyancy. This approach has 
been widely used to study the behavior of submerged turbulent jets and 
plumes. The case of air-bubble induced flow, however, includes 
additional features. In this study the compressibility of the air and the 
differential velocity between the rising air bubbles ,and the water are 
introduced as basic propertie s of the air - bubble plume in addition to a 
fundamental coefficient of entrainment and a turbulent Schmidt number 
characterizing the lateral spreading of the air bubbles. 
Theoretical solutions for two- and three-dimensional air-bubble 
systems in homogeneous, stagnant water are presented in both dimen-
sional and normalized form and compared to existing experimental 
data. The further complication of a stratified environment is briefly 
discussed since this case is of great practical interest. 
This paper is to be considered as a progress report, as future 
experimental verification of various hypotheses is needed. 
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NOTATIONS 
The main symbols used in this study are listed below. The 
51 -system is used consistently throughout this study. 
y, r 
x 
z 
b 
c 
c 
m 
u 
u 
m 
H 
o 
h 
Q 
q 
M 
B 
lateral coordinates 
vertical coordinate 
virtual displacement of source 
normalized coordinate 
nominal half-width of plume. 
local concentration of air by volume 
centerline value of c 
local plume velocity 
centerline value of u 
slip velocity of air bubbles 
total depth 
atmospheric pressure height 
depth of surface layer of horizontal flow 
volume flux 
'r ate of air flow 
q at the surface 
momentum flux 
buoyancy flux 
density of ambient water 
p at source level in case of stratified water 
a 
local density of water within plume 
v 
NO T A TrONS (continued) 
6p max {p -p } 
w '- w a 
P local density of air -water mixture m 
within plume 
p air density of air 
ex coefficient of entrainment 
\. s pr e ading ratio 
S, G, P plume parameters as defined in the text 
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INTRODUCTION 
Air-bubble systeITls have been used extensively and for a variety 
of purposes such as, pneuITlatic breakwaters, prevention of ice forITlation, 
as barriers against salt water intrusion in rivers and locks, for stopping 
the spreading of oil spills on the water surface, for reduction of under-
water explosion waves and for agitation and ITlixing operations in process 
industries. However, the technique ITlay also be used for destratification 
and water quality control ITlanageITlent of lakes and ,reservoirs in which 
case the characteristics of the air-bubble pluITle are of ITlore interest 
than the induced horizontal flow in the surface layer. 
Despite the wide range of practical applications .. no theory has 
been developed to give a satisfactory description of the hydrodynaITlics 
of air-bubble systeITls. The reason is of course that the very details 
of the structure of this two-phase flow phenoITlenon are very cOITlplex. 
However, as will be deITlonstrated, the gross behavior of the air-bubble 
pluITle ITlay be analysed sufficiently well for design purposes. 
The release of air at SOITle depth in a body of water gives rise 
to a large scale circulation but also ITlixing and reaeration of the water, 
see Fig. 1. The ITlixing is priITlarily within the pluITle generated by 
the rising bubbles but over-all ITlixing ITlay also be caused by the 
agitation of the whole systeITl as in the case of batch-ITlixing, that is 
when the water body is SITlall relative to the air-bubble pluITle. We will 
treat the case of an air-bubble pluITle in an infinite fluid. 
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-.. 
a. Over-all circulation in a homogeneous reservoir. 
h H 
_ y, r 
b. Velocity field close to the air-bubble plume. 
Fig. 1 Schematic representation of flow induced by the release of 
air-bubbles in homogeneous, stagnant water. 
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Natural water bodies such as lakes and iITlpoundITlents are 
usually stratified. The therITlal (density) stratification is a factor 
which effectively controls convection and diffusion in the lake. The 
ITlost stable stratification conditions exist during the SUITlITler ITlonths 
when the lake or reservoir exhibits large therITlal gradients. As a 
result the water quality of the lower layers ITlay be reduced significantly 
since the dis solved oxygen content is no longer replenished by surface 
reaeration. Artificial ITlixing ITlay then be an effective way of iITlproving 
water quality of the water body_ There are several ITlethods of 
accoITlplishing destratification; the use of air -curtain systeITls seeITlS 
to be a good alternative to ITlechanical pUITlping. However, little is 
known about the air-bubble induced circulation in stratified waters. 
The final part of this report will discuss this probleITl. 
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PREVIOUS STUDIES 
The air flow discharged into water rapidly expands, due to the 
pres sure drop acros s the nozzle, 9.!ld breaks up into bubbles of discrete 
size. This initial form.ation of the gas bubbles has been studied both 
theoretically and experim.entally, see for instance, Davidson and 
SchUler (1960). Several studies on the m.otion of gas bubbles in liquid 
are reported in the literature. Haberm.an and Morton (1954) carried 
out a com.prehensive investigation on the rise velocity of single air 
bubbles in still water. 
The sim.ilarity between the air-bubble plum.e and a sim.ple 
buoyant plum.e was first pointed out by Taylor (1955) in a discussion 
on the use of pneum.atic breakwaters. Bulson (1961) derived sem.i-
em.pirical relations for m.axim.um. velocity and thicknes s of the layer 
of horizontal surface flow. Sjoberg (1967) and Kobus (1968) have 
studied the flow induced by air-bubble system.s both experim.entally 
and theoretically using the sim.ilarity to jet and plum.e m.ixing. The 
present theory will be com.pared to the experim.ental data reported by 
Kobus (1968). 
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THE FLOW MODEL 
The interaction between the rising bubbles and the am.bient 
water is a com.plex function depending on several param.eters. The 
idealized m.odel we will use is based on the following selection of 
significant variables: 
H 
H 
o 
the volum.e rate of air flow at atm.ospheric pressure 
(in m.3 /s for point source and in m.2 /s for line source) 
the differential velocity of the air bubbles relative to 
the water (slip velocity) 
apparent gravity where Pa and Pair are the density of 
the am.bient water and the air respectively and g the 
acceleration of gravity 
the depth above the air flow source 
piezom.etric head equivalent to the atm.ospheric 
pressure (H is regarded as a constant ~ 10. 4 m. ) 
o 
ub ' the term.inal rise velocity of an air-bubble in stagnant, 
am.bient water, is assum.ed to be attained near the source and then 
rem.ain constant throughout the depth and to be equal for all bubbles. 
This has been found to be a good approxim.ation despite the fact that 
the bubbles pl;"obably vary in size in the plum.e. * 
The expansion of the air bubbles as they rise through the water 
is neither adiabatic nor truly isotherm.a1 but an interm.ediate process. 
We will here for sim.plicity assum.e isotherm.al conditions - the 
-,-
-,-
For exam.ple, Haberxnan and Morton show that in the range of diam.eters 
- 3 -2 10 to 10 m., ub changes onlyfrom.aboutO.20 to 0.30 m./s, see discussion 
in a later section of this paper. 
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aITlbient water is a heat sink - although the expansion of at least large 
bubbles are likely to be nearly adiabatic. However, it was found that 
the choice of gas law has no significant effect on the result of the 
theoretical analysis. Hence, if x is the vertical coordinate originating 
froITl the source and q (x) the local voluITle rate of air flow at level x, 
isotherITlal conditions give 
q(x) (H +H-x) == q °H 
o 0 0 
In particular at the source level 
H 
o q(x==O) == q • 
o H +H 
o 
( 1 ) 
(2 ) 
DiITlensional arguITlents iITlply that we have two non-diITlensional 
paraITleters to characterize the flow phenoITlenon 
~. H u 3 H ( for point or~ b 
and or 
P a -P air H line source Pa-Pair 0 
\ respectively j qo Pa 
g qo Pa 
g 
The first paraITleter is a "design paraITleter J1 of the air-bubble 
systeITl and the second one a scaling paraITleter. As we will see later 
both these paraITleters will appear in principle in the forITl given above 
when norITlalizing the general equations and introducing proper boundary 
conditions. 
When the slip velocity, u b ' goes to zero we have a liITliting case 
of interest. SITlall values of ub iITlplies that sITlall bubbles are pro-
duced at the source. Considering the circulation induced by the air-
bubble systeITl this liITliting case corresponds to the "ideal design" as 
will be deITlonstrated later on. 
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When the air-bubbles rise through the ambient water, the 
induced vertical flow is likely to resemble the process of turbulent 
diffusion from a submerged source of buoyancy as indicated originally 
by Taylor (1955). This similarity with the plume case is the basis for 
the present work. Hence, to solve the problem we vvill use the integral 
technique first proposed by Morton, Taylor and Turner (1956). The 
study is restricted to the zone where the horizontal flow near the 
water surface does not affect the vertical flow, that is for x < H-h, 
see Fig. 1. It has been found empirically that h is approximately 
O. 25H in the two-dimensional case and somewhat l~ss for a point-
source. 
lAo A Point Source in Homogeneous Ambient Fluid 
The rate of entrainment at the edge of the plume is assumed 
to be proportional to the mean axial plume velocity. Furthermore, we 
assume that the lateral profiles of velocity and density deficiency are 
similar at all heights and that they can be approximated by Gaussian 
distributions. Hence, for the velocity 
_ r2 Ib 2 
u = U • e (3) 
m 
where u is a local mean velocity and u the centerline velocity. b is 
m 
the nominal half-width of the plume related to the standard deviation 
of the velocity distribution by 
20' = Jib (4) 
The density distribution is given by 
(5 ) 
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P / is the local density of the air -water mixture and p the density of 
_ 91- a 
the ambient fluid. 6p is then the centerline density difference 
m 
between ambient water and air -water mixture within the plume at a 
particular level. 1 fA 2 is the turbulent Schmidt number. 
Making the Boussinesq assumption that density differences may 
be neglected except in buoyancy terms, the expres sion for the volume 
flux is written 
en 
Q = I 2 rr u r dr = 
"0 
The rate of entrainment, ~~, is assumed to be 
dQ 
-d = 2rrbex u 
x m 
where ex is the coefficient of entrainment assumed constant. 
Eq. (7) gives 
The buoyancy flux of the air -water flow is written 
(6 ) 
(7 ) 
(8 ) 
(9) 
The buoyancy flux at any level x is found using Eq. (1) to be 
As P . «p , B may be written 
aIr a 
H 
o 
B = qo Pa H +H - x 
o 
(10 ) 
(11 ) 
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and hence we arrive at the following buoyancy flux relation 
H 
o 
= qo PaR +H - x 
o 
( 12) 
Similarly, for the momentum flux with p ~p according to Boussinesq 
m a 
as s umption 
:a :a 
ro ~u p b 
M = J 2~ u 2 p r dr = m a 
o a 2 
(13 ) 
The driving force of the plum.e is the buoyancy, and the 
m.om.entum flux equation is 
ro 
dM J :a e 
-d = 2~ (p - P ) g r dr = ~ g 6p A b 
x· O a m. m. 
(14) 
which combined with Eq. (13) yields 
(15 ) 
Substituting from. Eq. (15) into Eq. (12) gives us two equations 
to solve 
dx 
d(u b 2 ) 
m. 
dx = 20, u b m 
2 gq H 
o 0 
= --------------~------u ~ (H 0 + H - x) (1 ~:2 + ~) 
(16 ) 
(17) 
Eqs. (16) and (17) m.ust be solved to obtain the centerline values 
u and b as a function of x and 6p is then found from Eq. (12). Since 
m m. 
a solution to the differential equations cannot be obtained in closed 
analytical form., a num.erical integration has to be carried out. The 
numerical solution follows from. a direct step-by-step integration of 
_the s e two equations 
du 
m 
dx 
db 
dx 
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2 gq H 
o 0 
= --------------~--~-----------
lTU
m 
b 2 (H
o 
+H -x) (:~<:l + u b ) 
2au 
m 
b 
gqoHo 
= 2a - ----------------------------
lTu:U b (H
o 
+H -x) (:~2 +ub ) 
Hear x=O,u
m 
»ub and hence Eqs. (18) and (19) take the 
following form 
dUrn 2 gqoHo (Hle 2 ) 2aum 
~ =lTU2 b 2 (H +H-x) - b 
m 0 
db g qo H (Hie 2) 
dx = 2 a - IT u 3 b (H +H - x) 
m 0 
(18 ) 
(19) 
(20 ) 
(21 ) 
Eqs. (20 and (21) are the governing equations for a plume due 
to a source of buoyancy only. The solution to the simple plume equations 
provides us with the starting conditions for the numerical integration. 
6 
b = Sax (22 ) 
(23 ) 
x=O corresponds to the "mathematical origin", 
For comparison with mathematical data we have to dis place 
virtually the position of the real source a distance /':,x downwards 
considering the finite dimensions of the source and pres sure drop 
effect on the initial expansion of the air-bubbles. Kobus (1968) found 
/':,x=O. 8m being a reasonable value for both two- and three-dimensional 
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air-bubble plumes and for a wide range of q .':' Hence, we will use this 
o . 
value when comparing his experimental data with the present theory. 
Normalized Equations 
The dimensional equations are normalized by the following 
procedure. Let 
gqoHo 
F = ----
1T 
Y = H +H - x 
o 
Y = u ·b 
m 
W = u • b 2 
m 
(24) 
y2 and Ware then proportional to the momentum flux and mass flux, 
respectively. Eqs. (16) and (17) may now be written 
dW 
- = -2a Y dY 
dy2 
dY = -2-F~--~2~----~ 
Y( w(i +p) + u b) 
(25 ) 
(26 ) 
If Y, Wand Y have the normalized forms v, wand y we may 
write 
(27) 
and by use of Eqs. (25) and (26) we can identify the powers of Eqs. (27), 
Hence, 
-'-'" In these experiments the water depth ranged from 2 to 4. 5 m and the 
diameter ofthe orifice from 5 • 10 - 4 to 5 • 10 - 3 m. 
v = Fi u -~ v 
b 
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W = F(1+A. 2 )-1 u- 2 w 
b 
Y = Fi a- 1(1+A. 2 )-l Ub -3/2 y 
and the normalized differential equations are written 
dw 
= -2 v dy 
with the following initial conditions 
v = 0 
w = 0 
If we define Y = (H + H}z, that is 
o 
z = 
Fi a-I (1+1... 2) - 1 u~ 3/2 
H +H 
o 
and introduce a source parameter G defined by 
H + H G = __ r-_o~ ______ ~~~~ 
F~ a -1(1+1... 2 )-1 u~3/2 
H +H-x 
o 
we arrive at the following set of normalized equations 
dw 
= -2 Gv dz 
2 
(v2 +w) dv = -2 ~ dz z 
(28 ) 
(29) 
(30 ) 
(31) 
(32 ) 
(33 ) 
(34) 
(35 ) 
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H 
Eqs. (34) and (35) then have to be integrated from z = 1 to zmin=p 0 
H +H 
o 
for a given value of G. P is a scaling parameter and the flow 
phenomenon is a two parameter problem as indicated by the dimensional 
analysis. b and x follow from 
2 
U = (1+11. 2) u ~ 
m bw 
x = (H +H) (l-z) 
o 
Eqs. (34) and (35) may be expanded to give 
dw 
= -2 Gv dz 
dv _ w 
d z - - -Z-('-"V"""'3"--+-W-V ) 
(36 ) 
(37) 
(38 ) 
Since v = w = 0 at the start of the calculation, that is for z= 1, 
we have to find a starting solution for the integration procedure. 
Similar to the dimensional case we use the simple plume equations. 
Substituting Eqs. (36) into Eqs. (22) and (23) gives 
l 
V = (~)3 G~ (l-z)~ (39 ) 
(40 ) 
Thes e are the starting solutions for the normalized equations. 
Similar to the dimensional case we have as starting condition that 
v
2
» w as for um»~ which is a restriction to the choice of 
step length for the numerical integration. 
G=5.00 
0.2 
O. I 
Z 0.6 
I 
I 
0.8 
1.0 
O. 1 O. 5 
I 
v 2 
W 
1.0 
G= 1. 00 
1\ 
-
G=0.25 
I 
5 10 
Fig. 2. General solution of the three-dimensional air-bubble plume for G equal 0.25, 
1. 0 and 5. 00. 
2 
The centerline velocity u = (1+\2) ub ~ 
m w 
I-' 
if'. 
z 
G=0.25 G= 1. 00 G=5.00 
0.2 
1lliIII1=iiH#H±mltta, I 
" l!I 
I I! 
' ~ 
I I I .I.ill 
I ' 'I!II 
' I I :"1 I ill 
I I! ~lEEHmi~lllll~iill~~~~Hmi~ill ' 1111 l: '~
1I11111 ,,;, 
1111111111 II TTI::::::::::::I 1IIITTIIHTTll illJlll'dl 1111 11111111 IT""II m 111111111111 1111 III llillJJ. 
ffilllllffilll"'" II I ,:::::m:, """",,. '" ii', , _ ~ 
11II11111111 , II'" , iJlIilll", 
""" """" """111"'" "::~OO ,"', , IIWllll'~H &.j:tt:ttt:mmmtOOltilllllli IIIITTllillllilliilil~III'tltlIMmilmll~ " '::~ ",:" 11111 1111 II~ ,:; 
L ", Ii""" il tm11 "'1111" '" , , i!ii ttttt£Biu~~~~iij%fttm@I@lllljffi!lmltllillll'II~llmwllllll1tn~~mllLL~.wli rm11lf 1111 I '" ~I!~'. tttttt++++=mmtffittl1'~ IIH '1I'111 III 1111 IItIltttml+mrn I nk 
' I ill 
' , ,Ijjjt 
, '1Iill ' " W)I 
I ~ 
, , , , ,W 
0.4 
0.6 
0.8 
~ • IfII+l+' . 'EEHfEElliH±l±ttt!1tltti1mnn' I" c!l4~~~~~ttrttlmmnn I ~ I I 1.0 
0.01 0.05 O. 1 O. 5 1 5 
w 
v 
Fig. 3. General solution of the three-dimensional air-bubble plume for G equal 
. . H 1 
[ gqo oJ" 2 -1 -3/2 w 0.25, 1. 00 and 5.00. The nominal half-width b = 'IT (H\) ub -:;. . 
i-' 
U1 
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Numerical solutions to Eqs. (37) and (38) with Eqs. (39) and 
(40) to start the calculation were obtained using an IBM 360/75 digital 
computer with a subroutine lIDEQ/ DIFFERENTIAL EQUATION SOLVER" 
in FOR TRAN IV (LEVEL G) language at the Booth Computing Center 
2 
of California Institute of Technology. Figs. 2 and 3 show ~ and Y! 
w v 
plotted for values of G of 0.25, 1. 0 and 5.0 and P equal to 0.20. This 
is believed to cover most situations of practical interest.· Small G 
values correspond to large flow rates of air, q , and small depths, H. 
o 
It should be pointed out for the practical use of these graphs 
that the real source has to be virtually displaced a certain distance 
6x which may be as sumed to be about O. 8m. 
lB. A Line Source in Homogeneous Ambient Fluid 
The two-dimensional air-bubble plume - the air-bubble curtain 
may be generated by a row of closely spaced orifices. As to the 
analytical treatment, the basic assumptions and formulation of the 
problem are similar to the three-diITBnsional case and the governing 
equations consequently developed in the same manner. 
(41 ) 
(p_p )=6p oe-y2 /(:\b)2 
a m m 
(42 ) 
are the velocity and density profiles. The volume flux is written 
00 
Q = S udy = J1T urn b (43 ) 
-00 
and continuity yields 
- 17-
--i. (u b) = _1_ 2 ex, u 
dx m. /; m. 
(44) 
The buoyancy flux is given by 
B=JOO (u+u..)(p -p )dy=,JiTu f::,p kb + Jiru
b
f::,pm. Ab 
-00 bam. m. m. J1+A2 (45 ) 
But 
(46 ) 
where q =air discharge per unit length. This leads to the following 
... 0 
buoyancy flux relation 
- Ab q p H 
JTr U f::,p __ + JiT u "p A b = 0 a 0 
m. m. J1+A 2 b D m. Ho +H - x 
Sim.ilarly, for the m.om.entum. flux an equation is written 
assum.ing p ~p (Boussinesq assum.ption) 
m. a 
d (U2 b) f::,p 
dx ; = P~ gAb 
(47) 
(48) 
f::,p 
Elim.inating ~ from. Eqs. (47) and (48) leads to the equations 
Pa 
d 2 
-(u b) = _. - ex, u 
dx m. j; m. (49) 
j2gq H 
d ( 2 b) 0 0 
dx um. = - u 
JTr (Ho +H - x) [ ~ + 1 
J1+A2 ~J 
(50) 
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Eqs. (49) and (SO) converge to the simple plume relation as 
x --> a as urn> > ub close to the source. Hence, the following simple 
plume relations will provide for the required starting conditions 
d 2 d(u b)::: - au 
x m Jrr m 
J2q H J1+\2 
d (u2 b) ::: __ o~-,o~_ 
dx TIl Jrr (H +H) u 
o m 
Solving Eqs. (SI) and (S2) we arrive at 
[
gqHJ1+\2.1 
u::: 0 0 J8 
m Jf a (H +H) 
o 
b:::~ ax 
J; 
" 
(S 1) 
(S2 ) 
(S3 ) 
(S4) 
These equations are used to give the starting conditions for the 
numerical integration of Eqs. (49) and (SO) reduced for quadrature 
du 
m 
dx 
::: 
2 au 
m 
db ::: 40, _ Ji 
dx J; J; 
J2 g q H 
+ 0 0 
J; [(l~A 2)~ + ubJ (Ho +H - x) urn b 
(S S) 
(S6 ) 
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Normalized Equations 
Following the same procedure as for the three-dimensionai 
case we may write the differential equations in normalized form. 
With 
these equations are 
dw = -G~ 
dz w 
dv (v+w)dz = w 
z 
(57) 
(58 ) 
(59) 
where as before v and w represent the dimensionless momentum and 
mass fluxes and z is a dimensionless length. The source parameter 
G is defined by 
- -1 2 3 G = J2 (H +H) (g q H) 0>(1+\) u b 000 
Eqs. (58) and (59) have to be integrated from z = 
a given value of G 
u ,b and x are determined by 
m 
2 10 v 
u =(1+\ )2U -
m bw 
Jigq H 
b = __ ----=0:...-....;:0'-
2 
W 
V 
1 to z 
(60 ) 
H 
o 
= p = H +H for 
o 
(61 ) 
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x = (H tH) (l-z) 
o 
Similar to the three-dimensional case we assume that the air-
bubble equations converge to give the simple plume relations close to 
the source. This provides us with the following starting conditions 
for the integration of the normalized equations 
w= 
v= 
2 1 / 6 G2 / 3 (l-z) 
21/3 Gl/ 3 (l-z) 
(62) 
(63 ) 
2 
V w Figs. 4 and 5 show - and - plotted for G values of O. 10, O. 50 
w v 
and 1. 50 and P equal to 0.20. As in the three-dimensional case we 
have, for the practical use of these graphs, to account for the effect 
of the virtual displacement of the source. 
2A. A Point Source with Zero Slip Velocity. 
We can write the conservation equations for the three-dimen-
sional air - bubble plume with zero slip velocity and then combine the 
momentum flux and buoyancy flux relations. This leads to the 
following governing equations. 
With 
2gq H (1+:\2) 
o 0 
= -=--:-=--~-
1T (H tH - x) u 
o m 
(64) 
(65 ) 
z 
G= 1. 50 
O. 2 ffifHl 1I111l!ll : ii I 
i i ~ 
Til 
lUI 
II; 
I11I 
u 
ill! 
= 
O. 6 ~ I 
m t+ 
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Fig. 4. General solution of the two-'dimensional air-bubble plume 
for G equal O. 10, O. 50 and 1. 50. The centerline velocity 
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Fig. 5. General solution of the two-dim.ensional air-bubble plum.e for G equal O. 1, 0.5 and 1. 5. 
The nom.inal half-width b = Ii gqoHo. 
JIT(1+A2)u~ 
2 
W 
v 
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H tH-x 
o 
z = --:'-::---::-::--H +H 
o 
the normalized equations take the form 
dw = -v 
dz 
dv2 W 
dz = - zv2 
u ,b and x are determined by 
m 
b = 2 a (H tH);!! 
o v 
x =(H tH) (l-z) o . 
The normalized equations are solved numerically with the· 
starting conditions derived from the simple plume relations in 
normalized form 
l 
127)3 a 
v = \60 (l-z)3 
Figs. 6 and 7 show the normalized solution of the three-
dimensional air-bubble plume with zero slip velocity. 
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-2B. A Line Source with Zero Slip Velocity. 
The governing equations are 
d 2 
d)um b) = - a urn J~ 
(72 ) 
~ 
d ./2 g q H ( 1+ A 2 )"2 
_(u 2 b) = 0 0 
dx m -
./rr (H +H - x) u 
o m 
(73) 
With the following definitions 
1 2 
V = (~)8(1+A2)t(Ji gq H )3(H +H)~v = u 2 b J; J; 000 m 
W " C:l,)" (1 H 2 ) 1/ 6 (~ g qo H 0 ) " (H 0 + H) ji w " U ill • b (74) 
H +H-x 
z = --=o_~::-
H +H 
o 
the normalized equations may be written 
urn' b and x are given by 
dw v 
= dz w 
dv 
dz = 
w 
zv 
2 w 2 b = -a (H +H) -
,;; 0 v 
x=(H+H)(l-z) 
o 
(75) 
(76 ) 
(77 ) 
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Fig. 8. General solution of the two-dimensional air-bubble plume with 
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There is no analytical solution to Eqs. (75) and (76) in closed 
form which takes the bour-dary c,:mditions v = w = 0 for z = 1. Starting 
conditions for the numerical integration are provided for by the simple 
plume relations in normalized form 
w= 21/6 (1-z) (78 ) 
v = 2 1/ 3 (1-z) (79 ) 
H 
Eqs. (75) and (76) may now be integrated from z=1 to z=P H +~ 
o 
Figs.8 and 9 show the normalized solution of the two-dimensional air-
bubble plume with zero slip velocity. 
NEGLECTING THE EFFECT OF COMPRESSIBILITY 
For the sake of completeness, let us also discuss a situation 
where the lighter fluid released from the source has no compressibility. 
If the two fluids are immiscible, bubbles will be produced at the source 
just as in the air-bubble case. The governing equations for a point 
source of buoyancy only are then with the source strength q H / (H +H) 
000 
d ( b2) 
= 2au b (80) dx urn m 
~(U2 b 2 ) 2gq H o 0 (81 ) = 
IT (Ho +H) (~~ 2 + u b ) dx m 
Following the same normalization procedure as before we have 
- 1 2 - 1 - 2 [ 2 g qo H 0 ..., 
V = (20,) (Hie) ub 1T(H +H) J v = urn b 
o 
2 gq H 2 
_ ( )-2 ( 2 -3 -sr 0 oJ 2 W - 20, Hie) ub L 1T(H +H) w = urn b 
o 
(82 ) 
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x = 
2 gq H 
-2 2 -2 -3[ 0 0 ] (2(1) (1 +>C) u b rr(H +H) Z 
and the differential equations 
dw 
dz = v 
2 
(V2 +W) dv = w dz 
o 
(83 ) 
(84) 
As there is no analytical solution in closed form to Eqs. (83) and (84) 
that takes the boundary conditions v"'w=O at z=O, the equations have to 
be solved numerically. The starting conditions are obtained from the 
simple plume relations 
(85 ) 
~ 
_1.(27)3 5/3 
w - 5 60 z (86 ) 
The solution is not given here. The two-dimensional case may be treated 
similarly. 
Example 
To exemplify the use of the present theory, take the case of a point 
source in homogeneous water with the following characteristical data 
qo = 4' 10-
3 
m
3 /s 
H = 10 m 
H = 10.4m 
0 
We want to know the centerline velocity, u ,the nominal half-width, b, 
m 
and the generated vertical flow, Q, at say 5 m above the source. 
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Let us as SUITle the following values of A, a and ub 
:\ = 0.2 
a = 0.07 (See Fig. 17) 
= 0.30 ITl/s 
The source paraITleter G, defined by Eq. (33), then takes the 
value G = 0.68 and the norITlalized height above the ITlatheITlatical 
2 
origin, Eq. (32), 1S z = ~~: !~;. 8 = 0.73 Figs. 2 and 3 give :., = 1. 80 
and ~ = 0.25. U and b then follow froITl Eqs. (36) and Q = Tr U b 2 can 
v ITl ITl 
be calculated. 
- 32 -
COMPARISON WITH EXPERIMENTAL DATA 
Table I sums up the air-bubble plume cases that have been 
analyzed. To verify the theory and to determine the proper choice 
of values of the constants included in the theory - primarily the 
entrainment coefficient a and the spreading ratio ;\ - the analytical 
results are compared with experimental data. Many experimental 
studies of air-bubble systems reported in the literature are not very 
comprehensive or consistent. A laboratory study of large scale air-
bubble plumes by Kobus (1968) covers both the two- and three-dimen-
sional cases. The present theory is compared with the results given 
by Kobus. 
Typical measurements of the centerline velocity and the lateral 
velocity distribution from two different experiments with a point source 
are plotted together with the theory in Figs. 10 to 12. For the theoretical 
calculations a values were chosen to give the best fit between observed 
and predicted rate of growth of the nominal plume half-width. The 
lateral spreading of the air-bubbles is slow relative to the expansion of 
the plume. Hence, the spreading ratio A is considerably less than one. 
'" 
Laboratory observations"'indicate that .\ is fairly constant throughout the 
rise of the plume, the order of magnitude about O. 2. Since theoretical 
calculations based on ;\=0. I, 0.2 or 0.3 give practically the same result 
we have used a constant value O. 2 in this study. For reasons that we 
will discuss later, the slip velocity, u b ' was also held constant and 
equal to O. 30 m/ s when comparing theoretical and experimental results 
for the three-dimensional air-bubble plumes. The experimental data 
Photographical recordings of air-bubble plumes. The experiments 
were conducted at Chalmers Institute of Technology. 
Table 1. Air-Bubble Plumes in Homogeneous Environment 
Case 
1A. General Case, 
Point Source 
lB. General Case, 
Line Source 
ZA. Zero Slip Velocity, 
Point Source 
ZB. Zero Slip Velocity, 
Line Source 
Normalized 
Differential Eqs. 
dw = -ZGv 
dz 
dv _ w 
dz - z(v3 + wv) 
dw = -G v 
dz w 
dv w 
= dz z(v t w) 
dw 
-= -v dz 
dv w 
dz = - Zz v 3 
dw v 
dz w 
dv w 
dz = zv 
Starting 
Conditions 
~ 
w=~ (t) 3' G 4 13 ( 1 _ z ) 5 13 
.;b. 
v =(t)S G 1/3 (1_z)Z/3 
v
2 > w 
w=Z1/6 GZ/3 (1-z) 
v=Z 11 3 GIl 3 (1- z) 
v> w; G <J2 
~ 
_l(Z7)3 (1 )5/3 
w- 5 60 -z . 
~ 
v= (~ 6)"8 ( 1- z ) Z 13 
1/6 
w=Z (l-z) 
1/3 
v = Z (l-z) 
Parameters and 
Boundary Conditions 
.l.(H tH)a(l+A 2 )u 3/2 
G=TI 2 0 b 1: 
(g q H )2 
o 0 
z = 1 to z = P = H 1 (H + H) 
o 0 
~ (H tH) a (1tA2) u b
3 
G=Z2--~O ____________ =-
gqoHo 
z = 1 to z = P = H 1 (H +H) 
o 0 W 
z= 1 to z=P = H 1 (H +H) 
o 0 
z=l to z=P = H I(H +H) 
o 0 
W 
s 
~ 
..... 
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5.0 q =0.00057m3 /s;H=4.50m 
o 
• 4.0 Theory: 
a=0.053 
A=0.2 
ub =0.30 m/ s 
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Fig. 10. Observed and predicted variation of center-
line velocity with distance above the (real) 
source. Experimental data given by Kobus 
(1968 ). 
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5. 0 q =0. 00255 ITl3 / s; H=4. 50 ITl 
o 
4.0 
E 3.0 
!=1 
.r-! 
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C) 
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o 
C/l 
Q) 2. 0 
:> 
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Q) 
C) 
@ 
~ 1. 0 
'r-! Q 
o 
0.4 0.6 0.8 
Theory: 
1. a=0.065 
\=0.2 
u b =0. 30 ITl/ S 
2. SiITlple pluITle 
a=0.065 
\=0.2 
1.0 1.2 
centerline velocity u in ITl/ s ITl 
1.4 
Fig. 11. Observed and predicted variation of centerline 
velocity with distance above the (real) source. 
ExperiITlental data given by Kobus (1968). 
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q =0.00255 ITl3 Is; H=4. 50 ITl 
0 
V 
/ Theory: 0.=0.0649 
\=0.2 I- ub =0.30 ITl /s Ie 
I Ie 
-I 
O. 1 0.2 O. 3 
standard deviation 0" for lateral velocity 
distribution in ITl. 
0.4 
Fig. 12. Observed and predicted rate of growth of the 
lateral velocity profile with the distance above 
the (real) source. ExperiITlental data by Kobus 
(1968). 
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provide a strong support for the present theoretical approach as 
deITlOnstrated by the two test runs in Figs. ·10 to 12. 
Measured centerline velocities of air - bubble plumes from a 
single point source show little scattering and seem to be consistent. 
It is unfortunately difficult to get reliable data when conducting similar 
tests with air-bubble screens. One of the reasons for this is the fact 
that slow internal seiches. tend to develop in the laboratory tank 
induced by the air - bubble system itself. Kobus has reported integration 
over periods as long as 5 minutes which of course tends to reduce the 
measured velocities if the air-bubble plume is oscillating. Figs. 13 to 
16 show results from experiments with air-bubble curtains. Observed 
values of the centerline velocity seem to be somewhat lower than 
predicted velocities. This, however, can be reduced to a problem of 
curve fitting since the characteristic properties of the two-dimensional 
air - bubble plume expres sed by the theory is supported by the experi-
mental data just as in the three-dimensional case. 
Measured centerline velocities are compared to the theory using 
three sets of different values of a, A and u b . The first calculation 
has A=O. 2, u b =0.30 m/ s and a value of a that makes the predicted ex·-
pansion of the plume agree with the observed plume growth. For the 
second calculation ub was estimated as the difference between the rise 
velocity of the air-bubbles - also measured by Kobus - and the observed 
centerline velocity of the plume water as these two velocities are 
relatively constant. We have finally increased the a value to 0.16 in 
2.00. q = O. 0030 m 2 ! s; H=2. 0 m 
0 
Theory: 3 2 1 
S 1. 0.=0.094 
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Fig. 13 Observed and predicted variation of centerline velocity with distance 
above the (real) source. Experimental data given by Kobus (1968). 
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Fig. 14 Observed and predicted variation of centerline velocity with distance 
above the (real) source. Experim.ental data given by Kobus (1968). 
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Fig. 16 Observed and predicted variation of centerline velocity with distance 
above the (real) source. Experimental data by Kobus (1968). 
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-which case the observed and predicted velocities match each other very 
well but not the variation of the nominal plume half-width. Fig. 16 
also shows the centerline velocity as suming a simple plume - no 
compressibility and no slip velocity - and the velocity in the case of 
zero slip velocity but with compressibility - small bubbles. Before 
making any conclusions we would first like to review some empirical 
background for the proper choice of values of the constants included 
in the theory. 
It has been proved experimentally by Kobus that the rate of 
plume expansion characterized by ~~ is practically a constant, slightly 
a function of the rate of air flow, q , but independent of the source 
o 
diameter in the range c "'vered by the experiments, that is from 0.05 mm 
to 0.5 mm. The theoretical calculations reveal that b is essentially a 
function of a only. This means that a good estimate of the a value 1S 
_ 2. db _ 2li do 
a - 6 dx - 6 dx 
for the three-dimensional case and 
(87) 
a = J.::!... db = E do (88) 
2 dx Ji dx 
for the two-dimensional case. Hence using the data given by Kobus we 
can plot a as a function of q , see Fig. 17. 
o 
The a-values for the case of a point source indicate a growth 
with the air flow rate reaching asymptotically a value of about O. 08. It 
is of interest to note that Rouse, Yih and Humphreys (1952) found 
a=O. 082 for the case of a three -dimensional simple plume. Furthermore, 
experimental data by Lee and Emmons (1961) suggest an a-value of 
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about O. 16 for a buoyant line source. Alth,ough the air curtain 
experiments reported by Kobus only cover a relatively narrow range 
in q , it is pos sible that there is an increase of the a-value with q , 
o 0 
very similar to the three-dimensional case, with a reaching an asymptotic 
value of about O. 16 for very large air flow rates. 
Studies on the rise velocity of single air-bubbles in still water 
show that there is a wide range in bubble sizes that have terminal 
velocities of the order of O. 3 m/ s, see for instance Haberman and 
Morton (1954). Hence, it is believed that ub =0.30 m/ s is a proper value 
to use in most practical situations unless the discharge rate per orifice 
IS exceptionally small as for instance in the case of a porous hose. 
As demonstrated by line 4 in Fig. 16 the buoyancy flux is more 
effectively used for generating a plume when the bubbles are small. 
Hence, the porous hose or a similar device producing very small air-
bubbles, represent the ideal design of an air -bubble system. 
To summarize we have found that the experimental data support 
the proposed theory and there is a very good agreement between theory 
and observations in the three-dimensional case if proper values of the 
coefficients are used. In the two-dimensional case we have to choose 
large values of either the slip velocity or the entrainment coefficient 
to match theory and experiments. We are inclined to believe that the 
reason for this is measuring difficulties in the case of the air-bubble 
screen resulting in too low values of the observed centerline velocities 
reported by Kobus. 
d 
...., 
~ 
(\) 
S 
~ 
• .-1 
Cil 
I-i 
...., 
~ 
(\) 
'-H 
0 
...., 
~ 
(\) 
• .-1 
t) 
...... 
'-H 
'-H 
(\) 
0 
t) 
(\) 
...c: 
f-4 
- 44 -
O. 16 
0= 2-D 
O. 12 if • = 3-D if 
P 
0.08 
•• • r--
0.04 
OL-______ ~ ______ ~ ______ ~ ______ ~ ______ J 
o 2 4 6 8 10 
The air flow rate q . 
o 
10- 3 ITl3 Is; 3-D 
10- 2 ITl2 /s; 2-D 
Fig. 17 . . The coefficient of entrainITlent as a 
function of the air flow rate for two-
and three-diITlensional air-bubble 
pluITles. ExperiITlental data by 
Kobus (1968). 
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AIR BUBBLE SYSTEMS IN STRATIFIED VlTATER 
Air-bubble systems are likely to be used extensively in the future 
for water quality management of lakes and reservoirs. Hence, a theory 
that predicts the circulation and mixing induced by air-bubble plumes in 
stratified water is very much needed. Preliminary experiments have 
been carried out by the senior author at ChalITlers Institute of Technology 
to study this probleITl and a continuation of this investigation is plahned. 
The presence of a density stratification in the water gives rise 
to an uncoupling effect between the water flow and the air-bubbles, as 
shown scheITlatically in Fig. 18 for a two-layer sY,steITl. A continuous 
stratification ITlay produce a siITlilar effect. 
Let us confine this dis cus sion to a linear density profile of the 
ambient water and hypothesize that the governing pluITle equations ITlay be 
developed by the saITle integral procedure as previously used for hOITlo-
geneous water. This proposed analysis will be liITlited to the two-dimen-
sional case, that is an air - curtain. The lateral velocity distribution is 
presumed as before to be Gaussian: 
_ 2/b2 
u=u ~e y 
m 
(89) 
and the local density of water within the pluITle, p ,is as sumed to have a 
w 
similar variation 
_ 2/b2 
P - P =6p . e y 
w a w 
where p is the ambient density at that particular level. 
a 
If c is the local concentration of air by volume we consider 
the lateral distribution within the plume to be given by 
(90 ) 
(91 ) 
1111 i ,,1\ I " \I Ii !Iii i " I I ill Ii" III i Ii IIi ii, 
a. Complete uncoupling between plume water and 
air - bubbles at the interface. 
i 
~I 
b. Partial uncoupling at the interface. 
Fig. 18. Observed possible flow regimes with a bubble screen 
in a two-layer density system. 
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The density of the air -water mixture, Pm' is then 
P = c P . + (1- c) P 
m alr w (92 ) 
The Bous sinesq approximation holds for mas s and momentum 
flux relations: and Pair -_ 0(10- 3 ). P ~ P ~ P since c < < 1 m~ w~ 0 P 
w 
P is the 
o 
reference density chosen as the density of the ambient water at the 
source level. 
The following equations of cons ervation may then be written for 
a line source. 
1. For the volume (mas s) flux 
ro 
~ r P u dy = 2 a u P dx J m m a (93 ) 
_00 
which is reduced to 
d 2 
-d (u b)= Ea u 
x m v1T m (94) 
The coefficient of entrainment, a, is as before assumed to be 
constant. 
For the air flow we have a similar relation 
co q H J 0 0 c(u+ub ) dy = H + H-x 
-co 0 
which may be written 
. u ) b 
( 
me 
c m ,.jl+A 2 
2. The momentum flux equation is 
CD OJ 
H +H-x 
o 
:x J 2 P u dy m r =! g (p - P ) dy Jam 
-co _00 
(95 ) 
(96 ) 
(97) 
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From Eq. (92) follows 
which is approximated to 
P
a
- Pm = (p - P ) + c p 
a W 0 
(99 ) 
Hence, Eq. (97) may be written 
d roo P u2dy= ,CD g[(p _p )+cPo]dy dx ,; 0 oJ a w 
_co _00 
( 100) 
which is reduced to 
d 2 - M 6pw d (u b) = J2 g c Ie b - rJ 2 g - b 
x m m Po 
(101) 
3. The conservation of buoyancy flux. 
The buoyancy flux relative to the reference density p is 
o 
split into two terms representing the two fluids. 
(102) 
The conservation of buoyancy flux B2 yields 
dB2 
-::r:::-x = 2uu (p -p ) u  m 0 a (103) 
Eqs. (102) and (103) give 
d (' - ~\ 
-d u (p-p)bJrr-u 6 p b )=2uu (p-p) 
x mo a m wJ?: mo a (104) 
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Hence, we have to solve for u ,c ,6p and b Eqs. (94), (96), ITl ITl w 
(101) and (104). These equations have to be solved nUITlerically foilowing 
the saITle procedure as previously outlined. In addition to the scaling 
paraITleter, P, and the source paraITleter, G, we will now have to con-
sider also a stratification paraITleter. At SOITle level the total driving 
buoyancy force of the air - bubble pluITle ITlay vanish. Whether there is 
a cOITlplete uncoupling at such a transition level or at a higher ceiling 
level (overshooting) or a gradual peeling off of pluITle water has to be 
studied in the laboratory. 
Detailed nUITlerical analyses and laboratorY,experiITlents are 
necessary to ,deITlonstrate the validity of the theory proposed above 
before it ITlay be reasonably applied to field installations. 
CONCLUSIONS 
ExperiITlental observations on the velocity distribution within the 
air - bubble pluITle clearly deITlonstrates the close relation to a siITlple 
pluITle of buoyancy only. In the air - bubble case the expansion of the air 
due to its cOITlpres sibility increases the flux of buoyancy with distance 
froITl source. The differential velocity between the rising air bubbles and 
the aITlbient water has an opposite effect as it reduces the local concent-
ration of air bubbles in the pluITle. Although the two effects do not cancel 
each other, the siITlple pluIYle equations were found to be a fairly good 
description of the flow field at least in the three-diITlensional case. The 
present theory, however, IYlakes it pos sible to describe with sufficient 
accuracy the gross behavior of any air-bubble systeITl. More experi-
ITlental data are needed to establish proper values of the coefficient of 
entrainITlent and slip velocities of the air-bubbles to cover the whole 
range of conditions that ITlay apply in a practical situation .. Air-
bubble systeITls in stratified water will be subjected to further studies. 
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